Science of Complexity — Summary of L22

Bak-Tang-Wiesenfeld d = 1 sandpile model.
Attractor (fixed point).

Dynamical variable: local slopes z; = h; — h;;1. Dynamics:
1. Initialisation: Place pile in stable configuration {z;}£,, with z; < 2.

2. Drive: Add a . grain at site ¢: zi — 2+ 1
Zi1 — Zi—1— 1

3. If z; > 2™ the site topples (relaxes) and z; — z; — 2
Zit1 — Zi+1 + 1.
A new stable configuration is reached when z; < 2™ for all 7.

4. Proceed to 2 and reiterate.

A stable configuration has z; < 2™ for all i. Adding a grain to a stable
configuration Sj, it evolves into a new stable configuration S; — S;41. Stable
configurations are either transient configurations 7 or recurrent configurations

R. Symbolically,
TheThe TR 2R Ry—= Ry — -

attractor

Size s of avalanches = total no. of relaxations in the transition S; — Sj41.
When the d = 1 BTW model is in the attractor, the avalanche size probability:

/L if1<s<L S
P(s,L) = - T =2 1——=-1gBTWsL
(s, L) {O otherwise L ( L> (s/L)

Generally, we would expect the avalanche size probability
P(s,L) x s"G(s/L”) fors>1,L > 1,
where 7, D are critical expoents and G a scaling function where

G(z) = Go)+G'0)x+--- for x < 1
decays rapidly for x > 1.
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Oslo ricepile model in d=1.

:. Attractor.

Dynamical variable: local slope z; = h; — h;.1. Threshold slope z}h € {1,2}.
1. Initialisation: Place pile in stable configuration {z;}* |, with z; < 2.
2. Drive: Add a grain at site ¢t = 1: 21 — 21 + 1.

3. Relaxation: If z; > 2! the site topples (relaxes) and  z; — 2; — 2
Zi+1 — Zi+1 + 1.
Threshold 2" is chosen anew. A new stable configuration is reached when
2 < 2t for all 4.

4. Proceed to 2 and reiterate.
Ti—Th— =T, —Ri—=-—=Rjg—=Rj—= R —---

att?arctor

In the attractor, the avalanche size probability

P(s,L)=s7GX°(s/LP) fors>1,L>> 1.

where 7, D are critical exponents and glodslo a scaling function.

The kth moment of the avalanche size density

(") =) "' P(s, L) ~ LPIHHT G(5) ds o< LPU*T) for L — 0.
s=1 1/LD
For the Oslo model, the average avalanche size (susceptibility) (s) = L, so
D2—-r71)=1.
Numerical results
2 9 2 14
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Avalanche dynamics.

Branching process (BP):

X; = is the number of nodes in generation j: X, X, X, X, X, X,
Probability p, that a node has b branches. The branching ratio

00 < 1 sub-critical
(b) = Z bpy =< =1 critical
b=0 > 1 super-critical.

The BP process displays a phase transition at (b) = 1. Total number of nodes
in a tree s = Z?io X — avalanche size. For an uncorrelated BP

P(s,(b)) oc s "exp(—s/s¢) for s> 1
se o |1 — (bY|71/° for (b) — 1

with 7 = 3/2,0 = 1/2, implying an average tree (avalanche) size
1
() oxsg T o [L= ()T (b) =1 — —.

(s)

Avalanches in SOC systems can be view as a correlated branching process. A
given avalanche k has branching ratio by = (s — 1)/sy so

0= ZEE

2k Sk (s)
generalising the result for uncorrelated BP. The SOC systems self-organise
into states with (b) — 1 as (s) — co. No fine-tuning of a control parameter
is needed. Nonconservative sanpile models have (b) < 1. They are sub-critical.
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Burridge-Knopoft spring-block model of fault.

with F; < F. = 1.

2. Increase strain uniformly.

3. If F; > F.. the block slips and fixed plate

K

an — an Ea - 1 . 1
et TR TR,

F, — 0
A new metastable state is reached when F; < F, for all 7.

4. Proceed to 2 and reiterate.

Dissipation when bulk site slips AF = FIPP9 _gq F1PM9 — (1 —4o)) F1PPIS.

® O

_ _ 1
a=20 o= 7.

Independent oscillators. Conservative model

Critical model for a, < a < % where o, =7. Recent results indicate that the
density of avalanche sizes

1.25 for v = 5

—T D ~
P(s, L) o< s77G(s/L7), TN{1.8 forozcgoz<%.

Let (Finae) = (MaxF;) when system is in a metastable state. The (Influx) =
(Outflux) implies LA(F, — (Foaz)) = (s)(1 — 4a)(FPP"9) that is

<S> _ L (Fc o <Fmax>)

= —» 00 for L — o0
(1 — 4a) (F;™7)

if
a—1/4 or (F,— (Fpar)) x L™ g < 2.

The behaviour of the Olami-Feder-Christensen model is still under scrutiny.



